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ABSTRACT

In this paper we deliberate closed form of Generalised k-Jacobsthal Numbers.From that we deduce summation
formula for -Jacobsthal, k-Jacobsthal Lucas, k-Jacobsthal Derived k-Jacobsthal ,Derived k- Jacobsthal Lucas
numbers.

SUBJECT CLASSIFICATIONS: MSC[2010] :11B37,11B39,11B83.

1. INTRODUCTION

There are to many studies in the literature that concern about the special second order such as generalised k-
Fibonacci,k-Lucas,k-Jacobsthal etc.In this paper we discuss about Summation of Generalized k-Jacobsthal
Numbers. We have discuss it in three cases. . From that We retrieve the Sum formula of k-Jacobsthal, k-
Jacobsthal Lucas, Derived k-Jacobsthal, and Derived k-Jacobsthal Lucas

NOTATIONS:. Jin fins Dfcn DEicn

2. GENERALISED k —JACOBSTHAL NUMBER:
Let k be any poisitive real Number, n € N, and f,g are scalar valued polynomials with f2+8g > 0.
Generalization of k-Jacobsthal sequence as a second order linear recurrence sequence Jj ,, is

]k,n = f]k,n—l + Zg]k,n—zxn = 2.
With initial condition J, o = a,Jx—1 = b,
MAIN RESULTS
SUMMING FORMULA OF GENERALISED k-JACOBSTHAL NUMBER WITH POSITIVE
SUBSCRIPTS

Theorem1.1: Letx € C,n=>0

alf2gx?+fx—1+0
n

Z X, = X" na + X" = f)iner — Mia + (Fx = Do
p 2gx>+ fx—1

p=0

b.If f2x — 4g%x* + 4gx—1#0

n

Z Xy = —x""1(2g% = Diansz + 2f 9% i ansr — fxlin + (F2x + 29X — Do
k.zp f2x —49%x% + 4gx — 1

p=0
c. If f2x —4g*x*+4g.x—1+#0

n

Z ) _ fxn+1]k,2n+2 —2gx"*1(2gx — DJkzner + 2gx — D1 — 2fgx)io
kzp+1 f2x —49%x% + 4gx — 1

p=0
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Proof:

(@)
Jen = f]k,n—l +29)kn—2
2g]k,n—2 = ]k,n - f]k,n—l
29xJk1 = Xz = flk2
29x%% k2 = x*ia = flis
ngn_ljk,n—l = xn_llk,n+1 - f]k,n
ngn]k,n = xn]k,n+2 - f]k,n+1

Add all the above by side by, we obtain

n

z X, = X2 2 + XA = f)in1 — Xir + (Fx = D)o
ko 2gx%+ fx—1

p=0

(b)
]k,n = f]k,n—l + Zg]k,n—z
f]k,n—l = ]k,n - Zg]k,n—z
fxlks = Xia — 29%) k2
fxsz,z = xsz,4 = fJks
29xn_1]k,n—1 = xn_ljk,n+1 - f]kn
ngn]k,n = xn]k,n+2 - f]k,n+1
Adding all the above equation by side by we get

n n n
_ -1 -1
fl—Jest Z XPliope1 | = | XY kansz —Je2 — X ko t Z XP " kop | =29 —Jko + Z XPJi2p
p=0 p=0 p=0

Similarly
]k,n = f]k,n—l + 29]k,n—2
[z = Xz — 29Xk

fxsz,4 = xsz,s - ngsz,3
X3 = %37 — 29x°[s etc...
fX" on-z = X" Ykono1 — 295" i 2n-3
fxn]k,Zn = xn]k,2n+1 - ngn]k,Zn—l
Adding all the above equation by side by we get

n n n
FUI —Jro + Z XPleap | = | —Jea t Z P Jioper | = 29| =" kaps1 + Z P ape1 | (3)
p=0 p=0 p=0
(2) — (3) we get the result of (b), (c)
Case 1: When x = 1 (Substitute x = 1 in Theorem:1 we get the following result.)

Theorem1.2: Forn > 1
n
Jini2 ¥ U= knes = Jia + (F = D)o
a) ]k,p -
p=0

2g+f—1

=g = DJiansz + 2f9loner = flea + (F2 +29 = Do
b) Z]k,Zp f2—4g2+4g—1

_ flkaniz —=29Q2g — Dianis + 29 — Vs — 2f 9Jko
C) ]k2p+1_ f2_4g2+4g_1

Proposition 1.2.1: If f =k, k € N, and g = 1 with ], = 0,],1 = 1 we get sum formula of k — Jacobsthal
numbers
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n+2 T 1-k n+ -1
a) Z]k,z?zjk’ 2+ ( )]k, 1

k+1
p=0
n
—Jions2 + 2kfions1 — K
b) Z]k,Zp _ n+ — n+
p=0
n
_klkaniz = 2k one +1
c) Jk2p+1 = K2 _1
p=0

Proposition 1.2.2: If ., = Jyn f =k k€N, and g = 1 with ;. = 2, Ji.; = k we get sum formula of k -
Jacobsthal Lucas numbers

n N o
o ] kn+2 + (1 - k)] kn+1 +k—2
a) ] k,p =
p=0

k+1

n ~ ~
~ T kenez T 2K] poner — K2
b) ]k,Zp - kz -1
p=0
n

o kj k2n+2 — Zj k2n+1 — 3k
k2 -1

Proposition 1.2.3: If Jy, = Df o f =k k€N, and g=—1 with Df ,, =2, Df,; =1 we get sum
formula of Derived k — Jacobsthal numbers

n P N
@ Y 0]y = Limia t 0= 0D a1
p=0
n

k-3

. 3DJ - 2kJ —k
b) Z DJ k= / k,2n+2k2 _ék,2n+1
p=0

n ~ ~
- kDJ i 2n+2 = 6DJ k2n+1 — 3
c) Z DJ k2p+1 = kZ—9
p=0
Proposition 1.2.4: Let J,,, = Déynf =k k€N, and g=—1 with D¢é =2, D&, =k we get sum
formula of Derived k — Jacobsthal Lucas numbers

O Dé ez ¥ (1= IODE ppgr + k=2
a) ZDC kp =
p=0
n

k-3

3D¢é — 2k¢ +k*—6
b) Z Dé K2p = k,2n+2 k2n+1

k?-9
p=0
n Y Y
. _kDCyonia —6DC g onir Tk
C) DC k2p+1 — k2 _ 9
p=0

Case 2: When x = —1 (Substitute x = —1 in Theorem:1 we get the following result.)

Theorem 1.3:
a) If2g—f—1=0then

C D engz + GO A+ i +ia — F+ Do
;(—1)p1k,p = Ty

b) If—(f%) —4g%>—4g— 1=+ 0then

i 1), = CDCG + Dlansa + CD"2 Gfuames + Flia = (2 +29 + Do
P 2 —(f2+4g% +4g +1)

If —(f?) —4g% —4g — 1) # 0 then
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Z( 1)?J (D™ fliansz + (D229 + Dians1 = 29 + DJwa + 2fglio
kap = —(f2+4g? +4g + 1)

Proposition 1.3.1: If f =k, k€N, and g=1 with J,, =0,J,; =1 then we get sum formula of k —
Jacobsthal numbers
1 + (D" (1 +k +1
) Z( l)p]kp G Jkn+2 (_]2_'_ 1( )]kn+1

( 1)n+13]k 2n+2 + ( 1)n2k]k 2n+1 +k
b) Z( DPizp = T

—1 n+1k n+ + (-1 n+16 nt -3
o) z(_l) Jkzpt1 z( ) k.2 _2(k2(+ 9)) Jk2n+1
p=0

Proposition 1.3.2: If ., = Jyn f =k k€N, and g = 1 with ;. = 2, Ji.; = k we get sum formula of k —
Jacobsthal Lucas numbers

(D" nrz + DA+ K] e —k — 2
a) Z( DP] o = e

1 n+1 +3 - + "2k et k2 -6
b) Z( DPJ o = D T 2—(k(2 +)9) J a1
p=0
. —D™U] pooniz + (CD™6] ponis H K
c) Z(—l)p] k2p+1 - D W ke +—2(k2(+(;) Y tans
p=0

Proposition 1.3.3: If Jy, = Df o f =k k€N, and g=—1 with Df (=0, Df,; =1 we get sum
formula of Derived k — Jacobsthal numbers

D"DJ iz + D" XA+ K)DJ e + 1
“>Z< o), = E J i (_2_3( D] inia

(= D™2D] yonsz + (=11 2kD] y pni1 + k
b) Z( 1PDJ zp = Sy

pO

. (—=D™kDJ +2(=1)"Df +1
o) Z(_l)pD] Kaprs = k2n+_2(k2 = k,2n+1

p=0

Proposition 1.3.4: Let J, , = DCynf =k, k€N, and g = =1 with Dé o =2, D&, =k we getsum
formula of Derived k — Jacobsthal Lucas numbers

- ) (—=1)"DE gnsz + (=)™ (L + K)DE s + 3k + 2
9 ZH)”DC kp = —(k+3)

1)"*2D¢ + (=) 12ké —k?+2
b) z( 1)? DCkZp -1 C k2n+2 _((k2)+1) Ck2n+1

p=0
n

R (“D™MKDE  pp4p + (=1)"DE 2041 — 3k
c) Z(_l)pl)c k2p+1 = —(k? +1)

p=0

Case 3: When x = 1 4 i (Substitute x = 1 + i in Theorem:1 we get the following result.)
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Theorem 1.4:

a) If2g(1+%+f(1+i)—1=0then

i(l P, = A+ )" 2 + A+ D" A = fA+ D)1 — A+ DJes + FA+D) = Do
P op 200+ 02+fA+D) -1

b) If f2(1+i)—4g9%(1+i)>+4g(1+i)—1) # 0then
A+ D)™ Qg+ 1) = Dgansz + A+ D" 22fgJkonsr — fFA + s +

NP (2 +29 =) + (f* + 29)D)o
Z)(l Dk = f2A+0)—4g*(1+ D)2 +49(1+i) -1

c) plf(fz(l +i)—4g*°(1+)*+4g(1+i)—1) # 0 then

n
Z(l + DPJk2p+1
p=0

@+ )" oz =290+ D" R+ 0) = Dk oner + QgL+ 0) = Dy — 2fg(1 + Do
B 21+ —4g2(1+ )2 +4g(1+i)—1

Proposition 1.4.1:1f f =k, k€N, and g=1 with J,o =0,/;,, =1 then we get sum formula of k —
Jacobsthal numbers
a) If2(1+i)%+k(1+1i)— 1+ 0then

N . Q4D g + A+ DA = k(A + D)) g — A+ 1)
;(1“)”"4’ - 20+ 07 +k(1+D) -1
b) If(k?(1+i)—4(1+i)?+4(1+i)—1) = 0then

n

—(L+ D)™+ 20 kom0 + (L + D™ 22K pner — k(L + D)

;(1 + DPJkzp = A+ — 40+ 02 +40+10) — 1

c) Fk*(1+i)—41+D*+4(1+i)—1)+0 then

A+ )" kg ansz — 20+ D™ (A + 20) /g 241 + (1 4 20)

;(1 TP apes = A +0) -4+ 02 +4A+10) -1

Proposition 1.4.2: 1f /. = [ xn f =k, k€N, and g = 1 with [, = 2, fi.; = k we get sum formula of k —
Jacobsthal Lucas numbers

a) If2(1+0?+k(1+i)—1=0then
N Laapi = @D iy + A4 DA k(4 D)ines = A+ Dk + (2k —2) + i2k)
Z( T 0" iy = 20+ i)2+k(1+i)—1

p=0

b) If(k?2(1+i)—4(1+i)?>+4(1+i)—1)#0then

D A+ Dz

p=0
=@ DA+ 2D oner + U+ D22k pnin — K2(L+ D) + 22 (1 + D) +2(1 + 1) — 1)

K21+ -4 +D2+41+D) -1
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o) k2 +i)—41+i)?>+4(1+i)—1) 0 then

A+ )"k fionsz — 20+ D™ + 20)f i 2ng1 + (1 + 20Dk — 4k(1 +0)
A+ -40+D2+4(1+1) -1

n
Z(l + )P fi2pr1 =
p=0

Proposition 1.4.3:Let Jy, = Dfynf =k k€N, and g=—1 with Df =0, D, =1 we get sum
formula of Derived k — Jacobsthal numbers

a) If-2(1+i)2+k(1+i)—1=+0then

A+ D" Dfinir + L+ D)™ (L = k(1 + D))DJiner — (1 +10)

;)(1 07 DJip = 20+ 07 +k(1+D) —1

b) Ifk?*(1+i)—41+i)?+4(1+i)—1)#0then

N R —(1+ D" (=3 = 20)DJi gtz = (1 + D)™ ?2kDJy gny1 — k(1 + 1)
> A+ 0Dy = - — .
. KA+)-40Q+)*2-4Q+) -1
p:
) W2 +)—41+i)2—-41+i)—1)#0 then
C p (1 + )™ kD a4z + 2(1 + )" (=3 = 20)D]y o1 — (3 + 20)
Z(l + DPDJap+1 = 2 . ~ .
. K2A+D)-40Q+D*+41+0) -1
p:
Proposition 1.4.4: Let J,, = DCynf =k k€N, and g = —1 with D¢, = 2, Dé,1 =k we get

sum formula of Derived k — Jacobsthal Lucas numbers

a) If-2(1+i)?+k(1+i)—1=+0then

c i b, = F DD ey + L+ D™ — k(L + D)DEinys = (AL + Dk +2(k(1L+D) — 1)
Z( TP Dl = 20+ 02 +k(A+0) -1

p=0

b) If(k2(1+i) —4(1+ )2 —4(1+i) — 1) # 0 then

—(1 4 D™ (=2(1 + i) = 1)Dépnsz — (1 + 0)"*22kD & pniq — k(1 + i)

- N —2(k*(1+i) -2 +i)—1)
;(1 +DPDEyzp = (1 +0)— 40 +0)?—41+0)—1

c) If(k2(1+i)—4(1+)?—4(1+i)—1) %0 then

n
Z (1 + DPDCy2p41
p=0

A+ D)™ kD ongz + 2(1+ D)™ (=2(1 +1) = DDCapsr + k(=2(1 +1) — 1) + 4k(1 +10)
h k2(1+i)—4@+)2+4(1+i)—1

CONCLUSION
We discussed Sum formula for Generalised k — Jacobsthal Numbers for three cases. From this we deduced Sum
formula for k — Jacobsthal, k - Jacobsthal Lucas, Derived k — Jacobsthal, Derived k - Jacobsthal Lucas.
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